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Nanometre-sized particles are of considerable current interest because of their
special size-dependent physical properties. Debye±Scherrer diffraction patterns
are often used to characterize samples, as well as to probe the structure of
nanoparticles. Unfortunately, the well known `Scherrer formula' is unreliable at
estimating particle size, because the assumption of an underlying crystal
structure (translational symmetry) is often invalid. A simple approach is
presented here which takes the Fourier transform of a Debye±Scherrer
diffraction pattern. The method works well on noisy data and when only a
narrow range of scattering angles is available.
1. Introduction
There is currently intense scienti®c interest in nanometre-
sized particles. The chemical and physical properties of such
aggregates, comprising only a few hundred atoms, are in a
transition region between the bulk and individual atomic or
molecular properties. By understanding size-related changes
in these systems, it is hoped that advanced new materials can
be developed together with a raft of new technologies.
Perhaps the most fundamental of physical properties is
structure; the mutual arrangement of atoms in an aggregate. It
has been known for some time that noncrystalline structures
occur in many materials at suf®ciently small sizes. For
example, the so-called `multiply twinned particle' (MTP)
structures have been observed in rare gases (Farges et al., 1973,
1986) and are well documented in metal particles (Marks,
1994). MTP structures exhibit ®vefold axes of symmetry,
which lack the translational symmetry of a crystal structure.
They can, however, be thought of as twinned assemblies of
crystalline subunits (Yang, 1979).
The analysis of Debye±Scherrer diffraction data from
randomly oriented samples of nanoparticles containing MTPs
is complicated by the variety of structures and the size-
dependent nature of the diffraction pattern (Hall, 2000). In
particular, the characteristic size of particles cannot be reliably
estimated from the width of `peaks' by using the Scherrer
formula (Guinier, 1994). Dif®culties in applying peak-width-
based analysis to nanometre-sized particles have been noted
by a number of authors (Grigson & Barton, 1967; Briant &
Burton, 1975; Lee & Stein, 1987). A selection of calculated
diffraction patterns for similar sized models of nanoparticles
are shown in Fig. 1. These structure types are typical of the
atomic arrangements that can occur in gold and indeed real
samples may have several different structures coexisting in the
same size range.
The Scherrer formula is derived assuming that a diffraction
peak is associated with a family of crystal planes in a size-
limited crystal. The existence of MTPs, imperfect face-centred
cubic (f.c.c.) structures, or even the high proportion of atoms
at the surface of aggregates, means that translational
symmetry is not an underlying feature of nanoparticles.
Indeed, it is unwise to associate diffraction features with the
notion of Bragg peaks from a family of crystal planes:
diffraction patterns are better thought of as a superposition of
continuous oscillatory functions in reciprocal space, as
described by the Debye equation [equation (1) below].
When information on the distribution of particle size is
required, alternative measurements are possible: small-angle
X-ray scattering (Guinier & Fournet, 1955; Glatter & Krathy,
1982); transmission electron microscopy (TEM) (Granqvist &
Buhrman, 1976); mass spectroscopy (Whetten et al., 1996), etc.
This paper presents a simple method of estimating nano-
particle size from Debye±Scherrer diffraction data. By taking
a Fourier transform of a diffraction pattern, information
relating to the average distribution of interatomic distances
within aggregates is obtained. No assumption of periodicity
need be made and by examining the range of interatomic
distances present, the characteristic size of the particles can be
estimated. We have found that this approach can be applied to
data with fairly severe constraints, such as a restricted range of
scattering angles and a high level of experimental noise.
The next section (x2) reviews the Fourier relationship
between the pro®le of a Debye±Scherrer diffraction pattern
and the radial distribution function. This section also considers
the problems associated with a restricted range of observation
of scattering angles, and the effects of noise. After this, x3
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presents case studies of the application of this technique: ®rst,
to a variety of model (geometric) structures, for which the
outcome of the procedure is predictable, and then to X-ray
diffraction observations of gold nanoparticles, for which
independent TEM observations have been made.
2. The method
The diffracted intensity from a single aggregate is conve-
niently described by the Debye equation (Guinier, 1994)







where I0 is the incident intensity and IN(s) is the intensity
scattered per unit solid angle in the direction de®ned by s =
2sin()/, with  equal to half the scattering angle and  the
wavelength of the radiation. The scattering factor, f(s),
determines the single-atom contribution to scattering, and is
available in tabulated form for most elements and radiations
(Wilson, 1992). N is the number of atoms in the cluster and rmn
is the distance between atom m and atom n.
In an experimental situation, a sample is characterized by its
radial distribution function (r.d.f.), 4r2(r), de®ned such that
4r2(r)dr is the average number of atom centres with
interatomic distances between r and r + dr (Warren, 1990).
The diffracted intensity is then








where N is the total number of atoms and a is the sample
average atom density. Nanoparticle samples are usually so
dilute that a is negligible.
The r.d.f. of a model f.c.c. nanoparticle is shown in Fig. 2(a).
The `diameter' of this polyhedral structure can be assigned to
the largest interatomic distances within the aggregate (about
2.8 nm in this case). Although we do not assume here that it is
possible to obtain an experimental r.d.f. of such high resolu-
tion, the overall form of the r.d.f. can still be exploited to
estimate the particle diameter. This is the motivation under-
lying the method described below.
In a typical diffraction experiment, a pro®le of intensity
I exp(s) is recorded over a ®nite range of s values (s 2 [smin,
smax]). Assuming that I0 and N are unknown, the measured
data can be Fourier transformed into real space by calculating
Pr  r Rsmax
smin
sI exps=f 2s ÿ 1 sin2sr ds; 3
where  and  are parameters that must be estimated. P(r) is a
good approximation to 4r2(r) provided that smin is very
close to zero and smin is high enough to include most diffrac-
tion details. However, this paper is explicitly concerned with
cases in which these requirements are not satis®ed, and hence
in which P(r) differs signi®cantly from 4r2(r) [Figs. 2(b) and
2(c) are closer to typical].
Fig. 2 suggests how the transformed data may be used to
estimate the diameter of the nanoparticle, in spite of the
strong oscillations and poor spatial resolution. In Fig. 2(b), the
decrease in the amplitude of sharp features of P(r) is related
to the nearly spherical form of the particle and can be used to
estimate the diameter. [Note that scaling values of P(r), i.e.
P(r)/, will not affect this estimate.]
Figure 1
Diffraction patterns of model nanoparticles. Pro®le (a) shows the
diffraction pattern of a ®ve-shell f.c.c. particle, approximately 2.8 nm in
diameter; pro®le (b) represents a ®ve-shell icosahedral particle,
approximately 2.7 nm in diameter; pro®le (c) represents a ®ve-shell
truncated decahedron particle, approximately 2.9 nm in diameter; and
pro®le (d) shows the diffraction pattern of a small ensemble of imperfect
spherical f.c.c. particles. The structures contributing to pro®le (d) have
random stacking faults along the [111] direction (with probability 0.3): ten
particles were generated in this way and the average of their individual
diffraction patterns is shown in (d).
An abrupt truncation, caused by the upper limit of
diffraction data, will, in general, introduce spurious oscilla-
tions in the Fourier transform P(r) (Warren, 1990). These
oscillations can extend to higher values of r in P(r), virtually
unattenuated (Cohen, 1990), and hence make it dif®cult to
estimate the upper limit of actual interatomic distances in
clusters. The problem is more acute if the upper limit of the
scattering parameter is reduced and is also exacerbated by
measurement noise.
A general approach to the numerical treatment of trunca-
tion effects in the inversion of diffraction data has been
presented by Waser & Schomaker (1953). The experimental
data, obtained in reciprocal space, are weighted with a
`modi®cation function', which will improve the convergence
properties of the Fourier transform (hence the alternative
name `convergence factor'). Waser & Schomaker (1953)
consider a variety of modi®cation functions, including a
pseudo temperature factor, which is also discussed by Warren
(1990). In this work, however, we have used a Lanczos func-
tion (Hamming, 1986), the appropriate form of which is
Ms  sin2sa=2sa; 4
where 1/a = 2smax. Equation (3), for P(r), becomes
Pr  r Rsmax
smin
sMsI exps=f 2s ÿ 1 sin2sr ds: 5
Fig. 2(c) shows the considerable improvement brought
about by this simple technique. We have found the Lanczos
function to be superior to a pseudo temperature modi®cation
function: values of the pseudo temperature parameter which
provide comparable, or better, attenuation of spurious oscil-
lations in P(r) inevitably result in a loss of resolution
compared to the Lanczos function.
Measurement data inevitably include a component of
random noise and the effects of this on P(r) are dif®cult to
predict analytically. In this study we have taken a Monte Carlo
approach in which independent data sets are generated by
adding Poisson noise to raw data, before calculating P(r) [this
method has been described more fully by Press et al. (1992)].
In this way, the variability of P(r) as a function of r can be
examined.
Fig. 3 shows how noise is transformed in P(r). Once again,
fairly poor observation conditions have been assumed: the
counts recorded at the most intense diffraction peak in the
data have been set to 1000. A total of 20 data sets were created
using a Poisson random-number generator (Press et al., 1992),
for which the average rate at each point was taken from the
scaled diffraction pattern. The grey bands in Fig. 3 extend
either side of the noise-free line by twice the standard
deviation of P(r) values, calculated from the different data
sets.
3. Examples
The Fourier method has been applied to two types of
diffraction data. First, to a range of model nanoparticles of
different internal structures. Then to a series of experimental
pro®les of thiol-passivated gold nanoparticles, for which
independent TEM observations have been made.
3.1. Nanoparticle model structures
Four different nanoparticle models have been used to
calculate diffraction patterns (see Fig. 1). In addition to the
bulk f.c.c. structure, the two classic MTP structures have been
used: the icosahedron (Mackay, 1962; Ino, 1966, 1969) and the
truncated decahedron (Bagley, 1965; Ino, 1966, 1969). Also, an
ensemble of f.c.c. particles with stacking faults along a [111]
direction has been generated by constructing particles as
layers of successive (111) planes. At each layer, a stacking
fault was introduced with probability 0.3. Spherical boundary
conditions were applied to the completed stack to give the
required particle size. Ten particles were constructed in this
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Figure 2
Illustration of how P(r) is related to the wide-angle Debye±Scherrer
diffraction pattern shown in Fig. 1(a). Curve (a) shows the complete r.d.f.
of the ®ve-shell (2.8 nm) f.c.c. model particle used in these calculations.
Curve (b) shows P(r) calculated using the wide-angle data (smin = 3 nm
ÿ1,
smin = 13 nm
ÿ1). Curve (c) shows P(r) calculated using the same wide-
angle data but including a Lanczos modi®cation function.
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way and their average diffraction pattern used as input to the
inversion process.
The diameters of the model particles are estimated from the
exact r.d.f. of each model: ®ve-shell f.c.c., 2.8 nm; ®ve-shell
icosahedron, 2.7 nm; ®ve-shell decahedron 2.9 nm; spherical
twinned ensemble, 2.9 nm. These can be compared to values
obtained from a crude application of the Scherrer formula,
using the main diffraction peak of the corresponding diffrac-
tion patterns (noiseless data). One obtains: ®ve-shell f.c.c.,
2.4 nm; ®ve-shell icosahedron, 2.0 nm; ®ve-shell decahedron,
1.8 nm; and spherical twinned ensemble, 1.5 nm. On the other
hand, from Fig. 3, the noiseless P(r) curves can each be esti-
mated to about 0.1 nm of the r.d.f. values. The presence of
noise obscures small features in the tail of P(r). This means
that the largest distinct feature of P(r) will occur at some value
of r less than the diameter. Nevertheless, the trend of
decreasing oscillations in P(r) provides a useful guide to the
eye, and the graphical banding of the uncertainty arising from
the noise provides a good indication of the degree to which
small features are likely to be swamped by random ¯uctua-
tions. Because of this, estimates of the diameter can still be
made to within about 0.2 nm of the r.d.f. values.
3.2. Gold nanoparticles
A practical example is provided by a series of X-ray
diffraction patterns obtained from samples of gold nano-
particles (Zanchet et al., 2000). Three samples were prepared
Figure 3
Pro®les (a) through (d) show the results of inverting the diffraction
patterns of Fig. 1. In each case, the most intense part of the corresponding
diffraction pattern was scaled to approximately 1000 counts and a Poisson
random-number generator was used to simulate experimental noise. 20
independent diffraction patterns were generated in this way. The grey
bands shown extend to twice the standard deviation of P(r) values
calculated from this ensemble. The dotted vertical lines mark the
diameter estimated from the exact r.d.f.
Figure 4
Nanoparticle X-ray diffraction patterns from three different samples of
chemically passivated gold particles (Zanchet et al., 2000). The size
distributions for pro®les (a) to (c) are shown in Fig. 5.
by a wet-chemical synthesis procedure capable of yielding
passivated particles in large numbers and with a narrow size
distribution. Fig. 4 shows the three corresponding diffraction
patterns.
A small number of particles from each sample were also
observed by TEM and the sample size distributions are shown
in Fig. 5: the direct size distribution, where the frequency is
reported as a function of diameter, and volume-weighted
distribution, where the volume fraction associated with each
histogram bin is reported. The corresponding sample means
are, respectively, 2.0, 2.9 and 3.9 nm, by frequency and, 2.2, 3.2
and 4.2 nm by weight. Statistics by weight are included
because diffracted intensity is proportional to the number of
atoms in a cluster and therefore these statistics are expected
better to represent diffraction data from a size-dispersed
sample.
To apply the Fourier method to experimental data, the scale
factor  of equations (3) and (5) must be estimated. An
iterative interactive algorithm is used to re®ne estimates of ,
after inspecting the form of P(r); the process can be repeated
until a satisfactory range of values has been identi®ed. The
®nal value of particle size is found to be fairly insensitive to
the exact value of .
Fig. 6 shows the inverted data of the diffraction patterns in
Fig. 4. A substrate scattering contribution was subtracted prior
to Fourier inversion. This background pro®le is virtually
monotonic and structureless (amorphous glass substrate), so
an error in the correction will affect P(r) only at very small
values of r. As in Fig. 3, 20 independent diffraction patterns
have been calculated using Poisson random noise to generate
deviations with respect to the observed data. The grey bands
in Fig. 6 show how this noise contributes to the uncertainty in
the exact form of P(r). In contrast to Fig. 3, the noise band is
smaller around P(r). This re¯ects the higher numbers of
counts in the experimental diffraction patterns. Nevertheless,
there is a signi®cant noise component in P(r) and Lanczos
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Figure 5
Size distributions obtained from TEM observations of the gold
nanoparticle samples from which the diffraction patterns of Fig. 4 were
obtained. The direct size distribution is shown with the light grey bars and
the volume-weighted size distribution is shown with the dark grey bars.
The statistics are: (a) 241 particles observed, average diameter (d) 2.0 nm,
volume-weighted average diameter (dv) 2.2 nm; (b) 217 particles, d =
2.9 nm, dv = 3.2 nm; (c) 217 particles, d = 3.9 nm, dv = 4.1 nm.
Figure 6
Pro®les (a) through (c) show the results of inverting the diffraction
patterns of Fig. 4. The grey noise bands around the P(r) curve were
calculated in the same way as Fig. 3, using the actual observed counts to
generate suitable data sets. The grey rectangular regions indicate
conservative uncertainty intervals around diameter estimates. They are
drawn at: (a) 2.3  0.3 nm, (b) 3.1  0.3 nm, (c) 4.1  0.3 nm.
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smoothing has considerably reduced the magnitude of ¯uc-
tuations in the plots.
Fig. 6 shows the relative sizes of the nanoparticles in each
sample. The same general progression would have been
predicted qualitatively from the narrowing of features in the
three corresponding diffraction patterns, shown in Fig. 4.
However, detailed analysis of the structure of these samples
has shown that they contain a signi®cant fraction of MTP
structures (Zanchet et al., 2000). Hence, results obtained by
applying the Scherrer formula to this data would be
misleading. For example, a rough application of the Scherrer
formula to the ®rst maximum of pro®le (a) gives a diameter of
only about 1.2 nm!
In Fig. 6, the envelope of decreasing oscillations in P(r) can
be extrapolated to identify an upper limit for the interatomic
distances of particles in the sample. In this way, a semi-
quantitative estimate can be made of the characteristic
diameter of the sample. Grey rectangles have been added to
Fig. 6, indicating conservative uncertainty for the particle
diameters [(a) 2.3  0.3 nm, (b) 3.1  0.3 nm, (c) 4.1 
0.3 nm], which agree with the TEM observations of Fig. 5.
4. Discussion and conclusions
There is currently no simple method of estimating nano-
particle size directly from Debye±Scherrer diffraction data.
The Scherrer formula cannot be applied to nanoparticle
samples, because of overlapping peaks and, more importantly,
because of the presence of noncrystalline structures in the
samples. These dif®culties are avoided by taking a Fourier
transform of diffraction data and then making an estimate of
particle size. Assuming that diffraction data are available in
digital form, the technique is easy to apply.
The Fourier method performs well even when there are
quite severe limitations on the range of scattering angles
measured, and when noise is important. It provides a semi-
quantitative estimate of particle size that is comparable in
accuracy with TEM observations, although it does not provide
information on the width and shape of the particle size
distribution.
The technique will be of value as a complement to estab-
lished techniques of particle size characterization. For
example, it can be used to check the consistency of observa-
tions when samples have been handled differently before
measurement. The study of gold nanoparticles cited above is a
case in point. Samples for observation by TEM and samples
for diffraction were prepared separately, although originating
from the same batch, and observations were made at different
times and under different conditions (vacuum/air), etc.
Diffraction measurements required a large amount of mate-
rial, which was compacted and placed on a glass slide, whereas
TEM observations used a minute amount from a suspension.
The Fourier method provided a useful check that the two
preparation methods had not caused the sample character-
istics to change (Zanchet et al., 2000).
The technique will also be useful when there is no other
convenient means of characterizing particle size. For example,
in studies of unsupported nanoparticles (e.g. Reinhard, Hall,
Berthoud et al., 1997; Reinhard, Hall, Ugarte et al., 1997),
in which diffraction patterns of nanoparticles are measured
while the particles are completely isolated in a molecular
beam and hence free of any support. Although it is sometimes
possible to obtain supported samples in these experiments
(collected from the beam and later studied by TEM to
measure the particle size distribution), the Fourier inversion
technique can provide an immediate in situ estimate of particle
size.
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